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Additional calculations of the one-phonon spectral function in aluminum are presented. Re-
sults are given in the temperature range 300 < T'g 900 K for phonons propagating along the
symmetry directions [100], [110], [111], and [810]. The frequency shifts and linewidths of the
[310] phonons are compared with the high-temperature neutron scattering data of Larsson et al.
In addition, for those phonons whose resonance shapes develop prominent structure, the spec~
tral functions are explicitly displayed and discussed.

I. INTRODUCTION

In a previous paper' anharmonic linewidths and
frequency shifts were calculated for aluminum at
the two temperatures 80 and 300 K for phonons prop-
agating along the [100], [110], and [111] symmetry
directions. Agreement with the available experi-
mental neutron scattering data was satisfactory.
The calculation was based on a model pseudopoten-
tial whose parameters were determined so as to re-
produce the experimental phonon dispersion curves
in aluminum at 80 K.,

The present work extends the calculations of I to
higher temperatures. The approximations involved
are the same as were discussed previously. In the
treatment of I, only the lowest-order anharmonic

corrections to the phonon self-energy were in-
cluded, i.e., the quartic interaction to first order
and the cubic interaction to second order. Since the
Debye temperature of aluminum is ~ 400 K, we
might expect that the neglect of anharmonic interac-
tions of higher order (e.g., four-phonon decay pro-
cesses) would introduce quantitative errors for

T> ®p. In order to obtain a partial assessment of
the importance of the higher-order anharmonic cor-
rections, calculations of frequency shifts and line-
widths were carried out for selected [310] phonons
and comparison made with the high-temperature
neutron data of Larsson et al.? Satisfactory agree-
ment was found for the over-all trends with temper-
ature of the frequency shifts and linewidths over the
range of temperatures considered. The large ex-
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FIG. 1. One-phonon spectral function Im[G ()] plotted
as a function of frequency at several temperatures for
two phonons along the [310] direction. The curves are
labeled with the value of the temperature (K), and K is
the propagation vector.

perimental errors precluded any quantitative com-
parison between theory and experiment. However,
the qualitative features of the experimental data
were reproduced with enough success to motivate
additional calculations at high temperatures employ-
ing only the lowest-order anharmonic theory. Fur-
thermore, it was thought that the uncertainties al-
ready present in the higher-order spatial deriva-
tives of the model potential did not justify pursuing
a more sophisticated anharmonic approximation than
that already employed in I.

In Sec. @I we present the results of our calcula-
tions for selected [310] phonons in the temperature
range 30075900 K, together with the experimen-
tal data of Larsson et al. The remaining part of
Sec. II is then concerned with a study of the shapes
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of the one-phonon spectral functions for the [100],
[110], and [111] symmetry directions. A distinctive
feature which arises from this study is the fact that
the one-phonon resonance remains well defined for
the majority of phonons along the major symmetry
directions. We consider explicitly those phonons
which develop prominent structure as the tempera-
ture is raised.

II. RESULTS

The one-phonon contribution to the neutron scat-
tering cross section is proportional to

E [?1° -é(q, A)] [ a‘ 5(% A,)] ImGw(fl, w +i0*)9

A
¢V

where q and w are the momentum and energy trans-
fer, respectively, &(g, A) is the harmonic polariza-
tion vector associated with mode A, and G,,: is the
one-phonon Green’s function. For the A, A, and

Z modes of a cubic crystal, G,,. is exactly diagonal.
However, for directions other than the three prin-
cipal symmetry directions, the off-diagonal ele-
ments of G,,.are, in general, nonzero. One must
then perform an exact matrix solution of the appro-
priate Dyson equation in order to obtain the ele-
ments of G,, for insertion in Eq. (1). Such a ma-
trix solution was carried out for § directed along
the [310] direction. With § so oriented, three in-
dependent terms contribute to Eq. (1) —two diagonal
and one off-diagonal. For the two phonons of inter-
est with propagation vectors (0. 6, 0. 2, 0) and
(0.3,0.1,0), the off-diagonal contribution was found
to be negligible over the whole range of tempera-
tures considered. The diagonal contributions then
give rise to a high-frequency and a low-frequency
resonance which we denote by “longitudinal” and
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FIG. 3. (a)—-(c) Same as Fig. 1 but for the three prin-

cipal symmetry directions. :

“transverse, ” respectively, Figures 1 and 2 give
some representative results for the (0. 6, 0. 2, 0) and
(0. 3, 0.1, 0) phonons in the temperature range 300~
900 K. Figure 1 depicts the shape of the one-pho-
non resonance at three representative tempera-
tures; it is clear that the resonance remains well
defined over the whole temperature range. Figure
2 plots results for the magnitude of the decrease in
frequency with 7 as well as the increase with T of
the resonance full width at half-maximum over the
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temperature range 300-900 K. The dotted curves
are the theoretical predictions based on the approx-
imations

w= wo+ Alwy),

(2)
W=2 P(w0)5

where w, is the quasiharmonic frequency and A(w)
and I'(w) are the real and imaginary parts of the
phonon self-energy. Within the context of the an-
harmonic approximation employed in I, the high-
temperature limit of the expressions in Eq. (2)
yields the linear T dependence shown in Fig. 2.
The difference between the true position of the res-
onance maxima and the position predicted by the
approximation of Eq. (2) is negligible for the cases
considered. However, the true widths of the theo-
retical one-phonon resonances differed somewhat
from their approximate values given in Eq. (2).
The agreement between experiment and theory for
the (0. 6, 0. 2,0) phonons is quite satisfactory,
whereas the agreement for the (0. 3, 0. 1, 0) phonons
is less satisfactory with the 8,-vs- T curve
showing the worst agreement, It is striking,
however, that the approximations of Eq. (2) work
as well as they do over the large temperature range
considered. This can be attributed in part to the
slow frequency variation of A(w) and I'(w) in the
region near the resonance maximum, as well as to
the fact that the resonance maintains a quasi-Lor-
entzian structure up to the highest temperatures
considered.

Figures 3(a)~3(c) depict the variation with tem-
perature of frequency plots of the one-phonon spec-
tral functions for selected longitudinal phonons
along the principal symmetry directions. All re-
maining longitudinal phonons, as well as all trans-
verse phonons, maintain an essentially Lorentzian
structure over the complete range of temperatures
considered. It is also of interest here to point out
another qualitative feature which arose out of our
study of the phonon line shapes. It was found that
in the region near the zone boundary, the attenua-
tion of longitudianl phonons was a factor of 5-10
greater than that for transverse phonons. Qualita-
tively, this behavior can be understood in terms of
energy-momentum-conservation conditions for
high-frequency phonons® satisfying #w > ks T (this
inequality is satisfied in the present case at the
zone boundary even for T~ 900 K). Furthermore,
it was found that the opposite limiting case Zw< kT
exhibited qualitative behavior consistent with the
Landau-Rumer prediction, i.e., that the attenua-
tion of the transverse phonons exceeds that of the
longitudinal phonons.

The (0. 8, 0, 0) longitudinal mode is the only mode
exhibiting an asymmetric resonance shape at room
temperature; as was explained in I, this asymme-
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try can be ascribed to the decay process w(4,)

- 2w(Ag). As the temperature is raised, the asym-
metry becomes more pronounced, until at the
highest temperature (880 K) a shallow valley devel-
ops between the main resonance maximum and a
subsidiary maximum on the high-frequency shoul-
der. At high temperatures, where three-phonon
scattering processes become important, the struc-
ture of the spectral function depends critically on
the detailed frequency dependence of A and I'. In-
deed, the minimum of the valley can be shown to
correspond to a region in frequency space where
I'(w) exhibits a maximum. We have, in fact, in
this region I'(w)> I(w)~ 0 and A(w)~0 so that
ImG(w)~1/T'(w) and the spectral function directly
mirrors the w dependence of I'. This type of
structure is illustrated even more vividly in Fig.
3(c) for the longitudinal (0. 15, 0. 15, 0. 15) mode.

In this case the resonance is perfectly Lorentzian
at room temperature but develops significant struc-
ture at higher temperatures, this structure being
characterized by twin peaks separated by a deep
minimum. Here again the minimum corresponds
to a maximum in I'(w). A further interesting fea-
ture of the (0. 15, 0. 15, 0. 15) structure is the fact
that between 700 and 880 K the maximum of the res-
onance shifts from the left-hand peak to the right-
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hand peak; this effect becomes even more pro-
nounced for 7> 880 K. The same effect can be seen
in the frequency plot of the (0. 9, 0, 0) phonon, What
was merely a shoulder on the low-frequency side of
the resonance at 700 K becomes the actual maxi-
mum at 880 K. Two other representative phonons,
the (0. 5, 0. 5, 0. 5) and (0. 5, 0. 5, 0) longitudinal
modes, exhibit broad shoulders on the high-frequen-
cy side.

For the phonons displayed in Figs. 3(a)-3(c), the
accuracy with which the approximations of Eq. (2)
predict the true position of the resonance maxima
and the true half-width becomes increasingly poor
as the temperature is raised. It is clear that as the
structure of the resonance becomes more complex
it becomes increasingly more difficult to unambig-
uously define the true half-width; this is especially
true if the resonance develops a prominent shoulder
at about half-maximum. Furthermore, the identi-
fication of the renormalized phonon frequency is not
itself unambiguous, especially if the true maximum
of the resonance shifts discontinuously as for the
(0.9, 0, 0) and (0. 15, 0. 15, 0. 15) phonons.
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The calculation presented in an earlier paper is refined to include closed-form solu-
tions for integrals of the exponential integral that were treated numerically in the original
work. This allows us to demonstrate the equivalence of our results to those of Many and
Rakavy for the limiting case of direct electrode contact to the photoconductor (no dielectric

present).

In a recent paper! we presented the theory for
transient space-charge-limited currents in photo-
conductor-dielectric structures. The structure
was characterized by a parameter a which depended
upon the relative thicknesses and dielectric constants
of the two regions. It was shown that in one special
limiting case (@ =1) our general theory reproduced
the results for the direct contact (no dielectric)

configuration discussed by Many and Rakavy.? The
equivalence of the two treatments was completely
demonstrated, with the exception (as noted in Ref.
1) of the flow-line equation in zone II [Eq. (83.45)

of Ref. 1]and consequently the equation [Eq. (3.46)
of Ref.1] which determined £,, the time at which
zone II ends. In our paper! we were unable to show
the mathematical equivalence of these equations and



